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Realization of a Measurement of a “Weak Value”
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We present the first realization of a measurement of a “weak value,” a concept recently introduced by
Aharonov, Albert, and Vaidman (AAV). Our experiment uses a birefringent crystal to separate the two
linear-polarization components of a laser beam by a distance small compared to the laser-beam waist.
This “weak measurement” is followed by a strong measurement which translates the centroid of the
beam by a distance far larger than the birefringence-induced separation. In addition, we present data
corresponding to orthogonal initial and final states, for which the weak value is not defined. This in-
terference effect may have application in the amplification and detection of weak effects.

PACS numbers: 03.65.Bz, 42.10.Jd, 42.10.Qj

In a recent Letter, Aharonov, Albert, and Vaidman
(AAYV) introduced the concept of a “weak measure-
ment.”! A weak measurement is one in which the cou-
pling between the measuring device and the observable
to be measured is so weak that the uncertainty in a single
measurement is large compared with the separation be-
tween the eigenvalues of the observable.? Therefore, the
eigenvalues are not resolved by the measuring device. In
practice, there is necessarily some degree of uncertainty
in any measurement. The “strength” of a measurement
can be characterized on a continuous scale which extends
from weak to ideal, depending on the measurement un-
certainty relative to the eigenvalue separation. AAV
show that under certain circumstances, a weak measure-
ment of an observable 4 may produce surprising results.
If prior to the weak measurement of the system is
prepared in a state |¥;) and afterwards, “postselected”
to be in another state I\I'f), then the weak value of A4
may be defined as

A=V | A| e |9 (1)

A, can be much larger than any of the eigenvalues of A4,
if |¥,) is nearly orthogonal to |¥;). The theory of this
effect has been described in several recent publica-
tions."3~¢ In addition to the fundamental interest of the
weak-measurement concept, this procedure may be use-
ful for the amplification and detection of weak effects.
Consider a system with an observable 4 with corre-
sponding eigenvalues a, and eigenstates |4 =a,). The

initial state of the system may be expanded in terms of
the eigenstates of 4 as |¥;)=X,a,|4=a,). An ideal
measurement of A has the following properties: (1) It
always produces one of the eigenvalues a,; (2) the prob-
ability of the outcome a, is |a,|% and (3) the system is
left in the state |a,) following a measurement result a,.
In a weak measurement, the eigenvalues are not fully
resolved and the system is not left in an eigenstate of A,
but rather in a superposition of the unresolved eigen-
states. If an appropriate postselection is made, this su-
perposition of eigenstates can coherently interfere to pro-
duce a “measurement” result 4, which is significantly
outside the range of the eigenvalues of 4. The postselec-
tion can be accomplished by making a strong measure-
ment of some other observable B, and selecting one par-
ticular outcome. Thus, the final state is an eigenstate of
B, which can be expressed as some linear combination of
the eigenstates of A:

lvy=|B=b)=3 as|A=a,). )

The initial state can be prepared (or “preselected”) in a
similar fashion.

AAYV proposed an experiment which uses a beam of
spin- 5 particles to illustrate this effect. The initial and
final states are selected by Stern-Gerlach magnets to be
“spin up” along directions which are almost 180° apart.
Therefore, |¥,) and |¥;) are nearly orthogonal. In be-
tween the preselection and postselection, a weak mea-
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surement of the spin in a direction 90° relative to the
postselection direction is performed. This is accom-
plished by a very weak Stern-Gerlach magnet in which
the two spin orientations are deflected by an angle small
compared with the divergence angle of the beam.

Our experiment is an optical analog of this spin- % ex-
periment which was recently proposed by Duck, Steven-
son, and Sudarshan.® In this analog, the beam of spin- ¥
particles is replaced by a Gaussian-mode laser beam and
the preselection and postselection Stern-Gerlach magnets
are replaced by optical polarizers. The weak measure-
ment is performed by a birefringent-crystalline quartz
plate which spatially separates the two orthogonal polar-
izations of the laser radiation by a distance which is
much less than the Gaussian beam waist of the laser
beam.

The laser radiation is assumed to be propagating in
the z direction and to be linearly polarized at an angle «

with respect to the x axis. The electric-field vector of
this radiation is described by

> 3)

242
E; =Eoexp [ —HL](COsai+sina§') ,

where wy is the beam waist. The light is incident on a
plane-parallel uniaxial birefringent plate whose optic
axis is aligned with the x axis. The plane of the plate in-
cludes the x axis and is rotated from the y axis by an an-
gle 6. The birefringent plate performs a weak measure-
ment by spatially separating the two orthogonal linear-
polarization components of the field, corresponding to
the ordinary and extraordinary rays,” by a distance a
which is small compared to wy. In addition, the bire-
fringent plate introduces a phase difference ¢ between
the two rays due to a difference in optical path length be-
tween them. After emerging from the plate, the electric
field (ignoring the amount of displacement due to refrac-
tion common to both polarization components) is

— 2 — 2) —2
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The postselection is performed by a polarizer aligned at an angle g with respect to the x axis:
_ —x?2 - (Z +a )2 i) . . - k’ 2 A . A
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The intensity of the transmitted light I(y) detected along the y axis is proportional to |E;(x =0)|%
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where /o, the maximum incident intensity, is proportion-
al to |Eo|%. We assume that the birefringence-induced
displacement a is much less than the beam waist wg, cor-
responding to a weak measurement. Also, we will set
a=n/4. When B=a, I(y) results from the constructive
superposition of two Gaussian distributions separated by
a distance small compared to their Gaussian widths. In
this case, I(y) is approximately a single, unshifted
Gaussian. When the second (postselecting) polarizer is
rotated to an angle B=a+r/2+¢, with ¢< 1, the initial
and final states are nearly orthogonal. In this case, the
two Gaussians destructively interfere. If + a/wo<Ke<1,
the interference will produce a single Gaussian, the cen-
troid of which is shifted by the weak value A4, = 3 a
xcot(g), which can be much larger than a.® As & ap-
proaches zero, the approximations made by AAV break
down and A,, as defined by Eq. (1), diverges. For £=0,
rather than a single shifted Gaussian, I(y) has two peaks
separated by approximately 22y, with maximum
intensity == (2e) ~'(a/wg)*Iy. Therefore, the bire-
fringence-induced separation a is magnified in the result-
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} , (6)

ing intensity distribution, but at the expense of reduced
intensity.

Figure 1 shows the experimental setup schematically.
The laser is a single-mode frequency-stabilized He-Ne
laser operating at a wavelength of 633 nm. It has a col-
limated beam waist w; of 1.53 mm. Although the effect
is most dramatic for wo>>a, it was necessary, for reasons
discussed below, to focus the laser beam to a small wy.
Lens L,, with a focal length of 415 mm, focused the
beam to a minimum beam waist wo=>55 um.

The birefringent crystal Q is an X-cut (optic axis in
the plane of the surface) crystalline quartz plate with a
thickness d of 331 um. The crystal is positioned approx-
imately 25 mm before the focused-beam waist. It has a
specified wave-front distortion of less than 15 of a wave-
length and a scratch/dig figure of 0/0. Since quartz is
optically active for light propagating parallel to the optic
axis,” alignment of the optic axis with the x axis greatly
simplifies the analysis of the displacement. In this orien-
tation, a linearly polarized beam aligned along the x axis
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FIG. 1. Schematic diagram of the apparatus. The output of
a frequency-stabilized He-Ne laser is collimated, focused, and
polarized at an angle a relative to the x axis by telescope 7,
lens L, and polarizer P,, respectively. A birefringent-
crystalline quartz plate Q with optic axis (OA) aligned along
the x axis is located near the focus of the laser beam. Q per-
forms a weak measurement by spatially separating the ordi-
nary and extraordinary polarization components by a distance
small compared to the focused-beam waist wo. Polarizer P»,
whose axis makes an angle B with the x axis, postselects the
final polarization state. Lens L, expands the image onto a pho-
todetector D. D is scanned along the y axis, recording the in-
tensity function 7(y).

sees only the extraordinary index, n, =1.551 65, while an
orthogonally polarized beam sees only the ordinary in-
dex, n, =1.54261.% Thus, the beam separation is given
simply by Snell’s law and geometry:

_ | sin(6—86,) sin(6—86,)

a=d cos(6,) cos(6,) ’ ™

where d is the crystal thickness, 0 is the incident angle,
sin(8,) =sin(0)/n,, and sin(8,) =sin(8)/n,. In this case,
the Poynting vector and propagation vector are collinear.
0 is adjusted to match the phase ¢ (modulo 27) between
the two different polarizations due to their different opti-
cal path lengths. We used 6= 30°, which gives ¢/2x
=5. Equation (7) then gives a displacement a =0.64
um,

Although the crystal faces are antireflective coated, a
small fraction of the incident light undergoes multiple
internal reflections and emerges from the crystal parallel
to, but displaced from, the single-passed beam. As the
beams diverge from the focus, this extraneous light in-
tensity may overlap and obscure the interference pattern.
Therefore, it was necessary to make wq small compared
to d and, in addition, to use a lens L, (focal length=10
mm) after Q to enlarge the image of the interference
pattern on the image plane before this overlap occurs.

P, and P, are Glan-Thompson polarizers which are
specified to produce a wave-front distortion of less than
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FIG. 2. Data and fits to the data using Eq. (6). The hor-
izontal axis is scaled to measure y at the position of the focus
of the laser beam. (a) a =p=r/4, corresponding to aligned po-
larizers. The measured intensity profile is the result of the con-
structive addition of two approximately Gaussian distributions
separated by a distance much less than the Gaussian beam
waist. The dotted line, which almost perfectly overlaps the
data, is a fit by a single Gaussian. (b) a=n/4, B=3x/4+2.2
x1072, corresponding to a measurement of the weak value.
The resulting intensity is due to destructive interference of the
two Gaussian distributions separated by a small distance
a=0.64 um. The centroid of the distribution is shifted by
Aw =12 pm or almost 20 times a. (c) a=nr/4, p=31/4, corre-
sponding to crossed polarizers, or orthogonal initial and final
states. In this case, 4, is undefined. The separation of the two
peaks is ~ 120 times a.

15 of a wavelength. Measured as a pair, their extinction
ratio is better than 1 part in 10% Since the interference
occurs at polarizer P,, the beam waist at P, wy, is the
critical dimension in determining the intensity of the in-
terference pattern [Eq. (6)]. P, is located at the focus of
L, to within our experimental uncertainty. Finally, the
intensity profile is measured with a photodiode D located
behind a 76-um-wide slit. The photodiode-slit assembly
is scanned across the y axis with a step size of 48 um.
Data and theoretical fits to the data using Eq. (6) are
shown in Fig. 2. Figure 2(a) shows the resulting intensi-
ty distribution 7(y) for aligned polarizers, a =g=r/4.
In this case, the interference term in Eq. (6) (third term)
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contributes constructively to I(y). Since a <wyg, the
profile is essentially a single Gaussian with a central in-
tensity equal to Io. The dotted curve is a fit with a single
Gaussian. We set the distance scale of Fig. 2 by taking
this Gaussian width to be the measured beam waist,
wo=55%4 um. The uncertainty is due to our uncer-
tainty in the focus location of + 5 mm. Figure 2(b) cor-
responds to the situation AAV call a weak measurement.
In this case, a=n/4 and B=a+r/2+¢e with ¢=2.2
x 10 ~2, so that the preselected and postselected polariza-
tion states are nearly orthogonal. The cross term in Eq.
(6) now contributes a term similar to size to the first two
terms but opposite in sign. Most of the intensity is can-
celed except for a small nearly Gaussian peak centered
on the weak value, A4,,. The data give 4, =11.9 um,
which is ~19 times greater than a. Figure 2(c) corre-
sponds to the case where the polarization axes of P; and
P, are orthogonal (¢=0). The interference term con-
tributes destructively, causing an almost complete can-
cellation of the intensity. The remaining signal consists
of two peaks which are nearly S orders of magnitude less
intense than 7o, and are separated by a distance much
greater than a, approximately 2'?w,. The dotted lines
in Figs. 2(b) and 2(c) are fits to the data using Eq. (6)
with a as the only free parameter. The data of Fig. 2(b)
give a best fit of a =0.65 %+ 0.05 um, while those of Fig.
2(c) give a=0.62+0.04 um, which agree well with the
calculated value of 0.64 um. The uncertainty in the fit is
due mainly to the uncertainties of wg and &.

In conclusion, we have demonstrated the first realiza-
tion of the measurement of a weak value. We have mea-
sured a weak value of the birefringence-induced dis-
placement of a laser beam which is approximately 20
times larger than the actual displacement. Although we
have demonstrated the phenomenon using an experiment
which can be understood using classical physics, the
principle is equally valid for quantum states. In our ex-
periment, the initial and final states are the polarization
states of the laser radiation. The eigenvalues of the weak
measurement are the displacements of the beam, which
are different for the two polarization states. The mea-
surement is “weak” due to the smallness of this displace-
ment compared with the size of the laser beam. Al-
though the weak value A, defined by Eq. (1) diverges
when the initial and final states are orthogonal, as is the
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case of the data of Fig. 2(c), the orthogonal condition is
potentially useful for the amplification of very small
effects. The separation between the two peaks of Fig.
2(c) is easily discernible by the naked eye and is ~120
times larger than the small birefringence-induced sepa-
ration, which is comparable to the wavelength of light.
We are unable to resolve this birefringence-induced sep-
aration in the data of Fig. 2(a). In fact, a=0.6 um is
less than the 1.4-um separation between detector steps.
In the crossed-polarizer case, the spatial amplification of
a results in a significant loss of signal, since I « (a/wq)2
In this case, a precise measurement of a requires that the
intensity be measured precisely, rather than the separa-
tion of the interference peaks which does not depend
strongly an a.
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