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We demonstrate that dissociation of one-dimensional cold-atom breathers, created by a quench
from a fundamental soliton, is a quantum many-body effect, as all mean-field (MF) contributions
to the dissociation vanish due to the integrability of the underlying nonlinear Schrödinger equation.
The analysis predicts a possibility to observe quantum many-body effects without leaving the MF
range of experimental parameters. In particular, the dissociation time on the order of a few seconds
is expected for a typical atomic-soliton setting.

Under normal conditions, interacting quantum Bose
gases do not readily exhibit signatures of their corpus-
cular nature, remaining thus effectively indistinct from
their mean-field (MF) counterparts. Observability of mi-
croscopic effects involving substantial part of particles
in a macroscopic system requires generally a beyond-
MF density range, viz., low density in 1D [1, 2] and
high density in 3D. In 3D, the high density Lee-Huang-
Yang corrections were realized experimentally using Fe-
shabach resonance[3] and (in dipolar gases) [4–6] in the
form of “quantum droplets”, i.e. self-trapped states in
bosonic gases which are stabilized against the collapse
by the beyond-MF self-repulsion predicted theoretically
in [7–9]. In particular, this scheme may lend stabil-
ity to a binary gas with strong attraction between the
components, which is necessary for the formation of
the “droplets”. Quantum effects involving a macro-
scopic number of atoms in collapsing attractive 3D gases
and colliding condensates were also observed[10–12] and
analyzed[13, 14] in the MF density range.

A generic opportunity to observe beyond-MF effects
arises when some nontrivial conservation laws, that the
MF dynamics obeys, prohibit a particular effect, but be-
come broken at the microscopic level. In particular, the
scale invariance governing the dynamics of a harmoni-
cally trapped 2D Bose gas cancels the interaction-induced
shift of the frequency of monopole excitations, for all ex-
citation amplitudes; however, this scale invariance is bro-
ken by the full quantum many-body Hamiltonian, leading
to a small, albeit discernable on a zero background, shift
[15]. The symmetry breaking by the secondary quantiza-
tion may be considered as a manifestation of the general
phenomenon known as the quantum anomaly [16]. In
this Letter we develop a similar strategy for observing
beyond-MF effects in the 1D attractive Bose gas, for a
standard MF set of parameters. In this case, the MF
equation amounts to the nonlinear Schrödinger (NLS)
equation, which is integrable via the Inverse Scattering
Transform (IST) [17]. The IST rigidly links the struc-

ture of a time-dependent solution to its initial form, with
many features of the latter rendered identifiable in the
former. In particular, a quench in the form of sudden
increase of the strength of the attractive coupling con-
stant by a factor of 4, converts a fundamental soliton
into a superposition of two solitons with mass ratio 3:1,
zero relative velocity, zero sepration between the solitons,
and zero background [18, 19]. The two overlapping soli-
tons have different chemical potentials, hence the density
oscillates as a result of the quantum interference between
the solitons. Such a superposition of solitons is usually
identified as an NLS breather, by analogy with breathers
appearing as solutions of the sine-Gordon equation (in
this connection, it has been recently suggested that quan-
tum many-body suppression of density oscillations in a
one-dimensional bosonic breather occurs even in the MF
regime proper [20]).

Quantum one- and two-soliton states have also been
studied [21–25]. In particular, it transpired that in a
full quantum many-body theory—contrary to its MF
counterpart—the COM position of a soliton is a quan-
tum coordinate whose conjugate velocity is subject to
quantum fluctuations [26]. Below, we suggest that the
spread of the relative velocity of the two solitons, pro-
duced from the original fundamental soliton by the four-
fold quench of the coupling constant can be observable
experimentally as a many-body quantum effect, thanks
to the absence of any classical source of the relative ve-
locity, as the MF breather generated by the quench does
not split.
Note that while the physical object that we study—the

NLS breather—is similar to the one considered in a recent
manuscript [20] (with the Lieb-Liniger model replaced by
a Hubbard lattice under the thermalization hypothesis),
the effect addressed there, viz., the quantum decay of the
breathing, is clearly a different objective.
We consider N atoms of mass m moving in the 1D

direction (x), with zero-range inter-atomic interactions of
strength g < 0. The corresponding Hamiltonian reading
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Ĥ = − ~
2

2m

N
∑

j=1

∂2

∂x2
j

+ g
∑

j<j′

δ(xj − xj′ ) . (1)

This problem has an exact Bethe-ansatz solution [21, 28].
Due to the translational invariance of the Hamiltonian
(1), its eigenfunctions have a homogeneous density. For
attractive interactions with g < 0, they contain several
strings – bound states of several atoms [22, 29]. A super-
position of the eigenfunctions with different string veloc-
ities can be localized such that its density tends to the
multi-soliton one in the limit N → ∞ [23–25]. Normal-
ization factors for multi-string states were obtained in
[30]. We assume that at t < 0, the interaction strength
was g0 = g/4, and the system contained a single-string

state ϕ
(0)
N with zero center-of-mass (COM) velocity. After

the application of the quench, g0 → g, the system’s state
will be a superposition of a single-string state ϕN , double-
string states ϕN1N2v, where v is the relative velocity of
two strings composed of N1 and N2 atoms, and multi-
string states. A localized fundamental quantum soliton
is a superposition of the single-string states with different
COM velocities. States with different COM velocity are
decoupled due to its conservation, therefore probabilities
of transitions due to the quench from the fundamental
soliton state to multi-soliton states will be the same as
for the delocalized string states. The probabilities are
calculated analytically using the exact Bethe-ansatz so-
lution. The probability to remain in the single-string
state can be explicitly calculated as

∣

∣

∣

〈

ϕ
(0)
N |ϕN

〉∣

∣

∣

2

=

(

2
√

|gg0|
|g|+ |g0|

)2(N−1)

=

(

4

5

)2(N−1)

For the double-string states the probabilities depend on
the relative string velocity v and the string composition,

dPN1N2
(v)

dv
=

N1N2

N

∣

∣

∣

〈

ϕ
(0)
N |ϕN1N2v

〉
∣

∣

∣

2

. (2)

Examples of the probabilities are presented in Fig. 1.
The natural velocity scale is

v0 = |g|/(2~) (3)

Total probabilities of the transition to double-string
states

PN1
= (2 − δN1N/2)

∫

∞

0

dPN1N−N1
(v)

dv
dv (4)

are presented in Fig. 2. The cumulative probability of
the transition to all double-string states is about 0.85
for N ≥ 8. The transition N → 3N/4 + N/4 features
the largest probability, in agreement with the mean-field
predictions. Probability distributions for the relative ve-
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FIG. 1. Channel-selective probability distributions for the
relative velocity [see Eq. (2)] of the dissociation products,
produced by the application of the quench to the single string
(fundamental quantum soliton). The black solid and red dot-
dashed lines show dP15,5/dv and dP3,1/dv, respectively, cor-
responding to the mean-field prediction, while 105dP10,10/dv
and 10dP2,2/dv are shown by the blue long dashes and ma-
genta short dashes, respectively. The velocity scale v0 is de-
fined by Eq. (3).
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FIG. 2. Total probabilities for different dissociation channels
(4), produced by the application of the g/4 → g quench to
the single string (fundamental quantum soliton) composed of
N = 8, 12, 16, 20 atoms (black solid, blue long-dashed, green
short-dashed, and red dot-dashed lines, respectively).

locity of the dissociation products, averaged over disso-
ciation channels,

P (v) =

N/2
∑

N1=1

(2− δN1N/2)
dPN1N−N1

(v)

dv
, (5)

is almost independent of N being plotted as a function of
the ratio v/

√
N (see Fig. 3). The numerically calculated

half-width half-maximum (HWHM) ∆v of the velocity
distribution defined by P (∆v) = P (0)/2, can be fitted to
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FIG. 3. Probability distributions for the relative velocity, av-
eraged over dissociation channels [see Eq. (5)] of the dissoci-
ation products, produced by the application of the quench to
the single string (fundamental quantum soliton) composed of
N = 4, 8, 12, 16, 20 atoms (magenta dotted, black solid, blue
long-dashed, green short-dashed, and red dot-dashed lines,
respectively). The velocity scale v0 is defined by Eq. (3).

the following law:

∆v ≈ 0.39N0.54v0, (6)

see Fig. 4. The relative velocity can be measured also by
its mean-squared value

〈

v2
〉

=

∫

∞

0

v2P (v)dv/

∫

∞

0

P (v)dv

However, the numerically found root-mean-square
(r.m.s.) velocity increases with N only as

√

〈v2〉 ≈ 0.63N0.36v0, (7)

according to the fit displayed in Fig. 4. We conjecture
that both measures of the relative velocity variation as-
sume the same asymptotic scaling at very large N , the
former law being closer to that asymptotic behavior. In-
deed, the probability distribution (2) has slowly decay-
ing tails for small N , e.g. dP3N/4,N/4(v)/dv ∼ v−3N at
v → ∞. The tails increase the r.m.s. velocity at small N .
Thus, since the HWHM of the v distribution is evidently
less connected to the tails than its r.m.s. counterpart, it
is expected to converge to its large-N limit faster.
The following estimate confirms the

√
N scaling for a

typical relative velocity of the solitons, δv. Consider the
system placed in an external harmonic-oscillator (HO)
potential with frequency Ω. Varying Ω from vanishingly
small values towards very large ones, at each value one
can apply the g/4 → g quench to the respective ground
state. The figure of merit to monitor is δx̃—the time-
averaged distance, further symmetrized over permuta-
tions, between COMs of two groups of atoms, each con-
taining the number of atoms ∼ N . At small Ω, the

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 4  6  8  10  12  14  16  18  20

v
el

o
ci

ti
es

N

FIG. 4. HWHM (pluses) and r.m.s. (crosses) values of the
relative velocity averaged over all two-string (two-soliton) dis-
sociation channels, as a function of the number of atoms, N .
The fits of Eqs. (6) and (7) are shown by the black solid and
red dot-dashed lines, respectively. The velocity unit is v0 is
[see Eq. (3)].

state obtained right after the quench is unaffected by
the external confinement, hence the two solitons (strings)
start their motion with the free-space relative velocity δv.
Thus, the distance δx̃ will be dominated by the typical
distance between the solitons placed in the HO poten-
tial, δv/Ω, which diverges at small Ω. This very long
scale governs the estimate for δx̃, the other potentially
relevant length scale, the distance between two atoms in-
side the same soliton, which is on the order of the size of
an individual soliton, ∼ ~

2/m|g|N , does not diverge at
Ω → 0. Thus,

δx̃Ω→0 ∼ δv

Ω
.

On the other hand, at large Ω, the effect of the inter-
atomic interactions vanishes and the estimate for δx̃ is
determined by zero-point quantum fluctuations of the
COM position of the cloud containing ∼ N particles:

δx̃Ω→∞ ∼
√

~

NmΩ
.

A crossover between the two regimes occurs when the
interaction energy per particle (comparable to the chem-
ical potential of the gas, µ), ∼ µ ∼ mg2N2/~2, becomes
comparable to the HO quantum, ~Ω. Indeed, when the
former is dominated over by the latter, the interactions
are irrelevant, and the system becomes an HO-confined
ideal gas. At the crossover, the two above estimates yield
the same value. An estimate for δv immediately follows:

δx̃Ω→0|µ∼~Ω ∼ δx̃Ω→∞|µ∼~Ω ⇒

δv ∼
√

~Ω

Nm

∣

∣

∣

Ω∼
mg2N2

~3

∼ |g|
~

√
N .
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Indeed, this estimate is consistent with the fit (6).
The above results suggest that experimental observa-

tion of the variance in the relative velocity of the soli-
tons due to quantum many-body effects may be possi-
ble. To demonstrate this, we consider 3× 103 7Li atoms,
in a waveguide with a transverse trapping frequency
ωperp = 2π × 254 Hz. The initial state is a fundamental
matter-wave soliton, existing at scattering length at<0 =
−1 aBohr, which is quenched up to at>0 = −4 aBohr. The
resulting state constitutes an NLS breather with an aphe-
lion density profile proportional to sech2(x/ℓbreather) and
width ℓbreather = 8~2/(mgN) = 36. µm [18, 19] [31].
Assuming that the splitting of the breather into two soli-
tons becomes apparent when the distance between their
COMs, after evolution time τ , ∆x = ∆vτ becomes com-
parable to the breather width ℓbreather, and using extrap-
olation (6) for the relative velocity of the solitons, we ob-
tain τ = 3 s for the time necessary to certainly observe
the splitting of the breather.
The predicted dissociation time can be made even

shorter at the expense of reducing the cloud popula-
tion. Indeed, assuming that the scattering length is in-
creases accordingly in such a way that the product Na
is kept at a finite fraction of the collapse critical value
Na . aperp, aperp ∼

√

~/(mωperp) being the size of
the transverse vibrational ground state of the waveguide
used. The microscopic velocity scale v0, the separation
velocity ∆v, and the breather size ℓbreather can be esti-
mated as v0 . ~/(maperpN), ∆v . ~/(maperp

√
N), and

ℓbreather & aperp respectively. Then the breather dissocia-

tion time diminishes as τ ∼ ℓbreather/∆v & (1/ωperp)
√
N

as the number of particles decreases.
To summarize, we have showed that dissociation of the

1D matter-wave breather created by the quench from a
fundamental soliton is a purely quantum many-body ef-
fect, as all the MF contributions to the dissociation van-
ish due to the integrability at the MF level. This conclu-
sion opens the way to observe the truly quantum many-
body effect without leaving the MF range of experimen-
tal parameters. We have evaluated the dissociation time
corresponding to typical atomic-soliton experiments.
In further work on this topic, special attention will

have to be paid to the role of the real-world deviations—
usually neglected—from the idealized 1D model with zero
noise in both the two-body interaction constant and the
single-body potential energy. Some clues can be gained
from attempts to experimentally observe the quantum
deviation from the scale-invariance-induced constancy of
the monopole frequency of the 2D Bose gas. In that
context, quantum many-body effects are masked by phe-
nomena caused by weak dependence of the quantum state
on the third, confined dimension [32].
An example which makes it possible to explicitly com-

pare the MF approximation and its many-body counter-
part in the 3D geometry is offered by the problem of the
stabilization of the gas of bosons with repulsive interac-

tions, attracted to the center with potential ∼ −r−2. In
that case, the MF predicts suppression of the quantum
collapse and creation of a ground state which is missing
in the single-particle case [33], while the full many-body
analysis demonstrates that the same newly created state
exists as a metastable one [34].

Such effects, along with other distortions of the ide-
alized model [35–37] constitute a subject of the future
research.
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